In this paper we study the sequence (c i ) 0≤i≤d for a distance-regular graph. In particular we show that if d ≥ 2j and c j = c > 1 then c 2j > c holds. Using this we give improvements on diameter bounds by Hiraki and Koolen [5] , and Pyber [8], respectively, by applying this inequality.
In this paper we study for a given integer c, the number of η c for a distance-regular graph. We obtain the following result: Using Theorem 1.1, we will give improvements on the diameter bounds of distanceregular graphs found by Hiraki and Koolen [5] and Pyber [8] , respectively.
In [5] it was shown that the diameter of a distance-regular graph of valency k is bounded by 
and ξ c + η c ≤ c α η 1 + 1 (2) hold for all c ∈ C.
In particular if h := h(Γ) ≥ 2 then
and ξ c + η c ≤ 2c α (h + 1) + 1 (4) hold for all c ∈ C. 
In particular if h ≥ 2 then
d ≤ k α (h + 1) + 1 2 holds.
In [8] Pyber showed that the diameter of distance-regular graphs is at most 5 times the 2-logarithm of the number of vertices. The following gives an improvement of this bound. Theorem 1.5 Let Γ be a distance-regular graph with v vertices. Let d be the diameter of
The paper is organized as follows: In Section 2 we give definitions, in Section 3 we give the proof of Theorem 1.1, in Section 4 we give the proofs of Theorem 1.3 and Corollary 1.4, and in the last section we give the proof of Theorem 1.5.
Defintions
All graphs in this paper are undirected graphs without loops and multiple edges. Suppose that Γ is a finite connected graph with vertex set V Γ. We define the distance between any two vertices x and y, d(x, y), as to be the length of any shortest path in Γ between x and y, and the diameter d of Γ to be the largest distance between any pair of vertices in V Γ. For a vertex x ∈ V Γ and any non-negative integer i not exceeding d, let Γ i (x) denote the subset of vertices in V Γ that are at distance i from x and put Γ(x) := Γ 1 (x) and Γ −1 (x) = Γ d+1 (x) := ∅. For any two vertices x and y in V Γ at distance i, let 
is the number of neighbors of y in Γ i (x) for x, y ∈ V Γ at distance i, are called the intersection numbers of Γ. The array  
For more information on distance-regular graphs, see [2] .
3 Proof of Theorem 1.1
In this section we show Theorem 1.1. In order to show the theorem we use the intersection diagram with respect to an edge. Let Γ be a distance-regular graph of diameter d ≥ 2 and 
We also have
This shows (iii).
Proof of Theorem 1.1: Suppose ξ ≤ η. We will derive a contradiction and this shows the theorem. In order to do this we will show several claims.
Let (u, v) be any edge in Γ and
. Then Remark 3.1 and Lemma 3.2 (i) imply that the intersection diagram with respect to (u, v) has the shape as in Figure 2 , and Lemma 3. 
which is a contradiction. Thus we have (iii). 
(The Equation (6) is clear when
ξ , then it follows from Claim 1 (ii).) By comparing both sides of (6) we have
Consider the intersection diagram with respect to (u , v). Then we have
ξ (u , v) and we can take a path (w 2 , w 3 , . . . , w ξ ) such that Claims 2 and 3 show that the sets P , Q and R are disjoint and
which is a contradiction. The theorem is proved.
Proofs of Theorem 1.3 and Corollary 1.4
In this section we prove Theorem 1.3 and Corollary 1.4. Recall C := {c i | i = 1, . . . , d}.
(ii)
By definition of β (and α), it follows easily that f (β) = 1. Also f (1) = 1. By straightforward calculation one sees that on [β, 1], the function f has maxima at x = 1 and x = β. This shows the lemma.
Proof of Theorem 1.3:
holds. We will prove
and
hold for all j = 1, 2, . . . , q by induction on j. (7) and (8) hold for j = 1. Now let s ≥ 2 and assume that (7) and (8) First we will prove Equation (7) holds for j = s. In order to show this we need to consider two cases, namely the case 0 < b ≤ β and the case β < b < 1, respectively. 
hold by Lemma 4.2 and our induction hypothesis.
Hence Equation (7) holds for j = s. The fact that Equation (8) holds for j = s follows from Theorem 1.1. Therefore we have shown that Equations (7) and (8) hold for all 1 ≤ j ≤ q. Now assume h ≥ 2. In [6, Theorem 2] it is shown that η 1 ≤ 2(h + 1) holds. Equations (3) and (4) follow now immediately from Equations (1) and (2) 
holds by (2) . To complete the proof we need to consider βk < c d . Let c d = k for some β < < 1 and c :=
Therefore the result follows by Theorem 1.3 and Lemma 4.2:
5 Proof of Theorem 1.5
In the proof of Theorem 1.5 we will use the following results. holds.
